We prove that the number of natural exact covering systems of cardinality k is equal to the coefficient of x k in the reversion of the power series k≥1 µ(k)x k , where µ(k) is the usual number-theoretic Möbius function. Using this result, we deduce an asymptotic expression for the number of such systems.
Introduction
A covering system or complete residue system is a collection of finitely many residue classes such that every integer belongs to at least one of the classes. The concept was introduced by Erdős [E50, E52] , who used the system of 6 congruences
x ≡ 0 (mod 2)
x ≡ 0 (mod 3)
x ≡ 1 (mod 4) x ≡ 3 (mod 8)
x ≡ 7 (mod 12)
x ≡ 23 (mod 24) to prove that there exists an infinite arithmetic progression of odd integers, each of which is not representable as the sum of a prime and a power of two. Since 1950, hundreds of papers have been written on covering systems; for surveys of the topic, see, for example [P81, Z82, PS02, S05] .
A covering system is called exact if every integer belongs to one and only one of the given congruences. (The system of Erdős above is not exact, because the integer 19 belongs to both residue classes 3 (mod 8) and 7 (mod 12).) Exact covering systems, or ECS, are sometimes also called exactly covering systems or disjoint covering systems in the literature (e.g., [N71, F72, F73, NZ74, Z75, S86] ).
Among the exact covering systems, one particular subclass that has received attention consists of the so-called natural exact covering systems, or NECS. These are the exact covering systems that can be obtained, starting from the single congruence x ≡ 0 (mod 1), by a finite number of applications of the following transformation: for some r ≥ 2, remove a single congruence x ≡ a (mod n) from the system and replace it with the r new congruences x ≡ a + jn (mod rn), j = 0, 1, . . . , r − 1; the value of r can vary for the different applications of this transformation.
The first paper that we could find describing natural exact covering systems is Porubský [P74] , but he credits Znám with introducing them in an earlier unpublished manuscript. Since then, they have been studied by a number of others, e.g., Burshtein [B76a, B76b] , Znám [Z82] and Korec [K84] , but up to now it appears that nobody has enumerated them. Let a k denote the number of NECS consisting of k congruences, k ≥ 1. Define the formal power series
where µ is the usual number-theoretic Möbius function defined by µ(1) = 1 and, for n ≥ 2, µ(n) = 0, if n is divisible by a square > 1; (−1) e , if n is the product of e distinct primes.
The initial terms of these series are given by A(x) = x + x 2 + 3x 3 + 10x 4 + 39x 5 + 160x 6 + 691x 7 + 3081x 8 + . . . ,
where the coefficients in the generating series A(x) were obtained by counting the NECS with at most 8 congruences.
Our main result is that the series A, the generating function for the number of NECS, is the reversion (compositional inverse) of the Möbius series M . Of course, equivalently, this means that M is the reversion of A. Remark 1. The coefficients of the reversion of the Möbius series are given by sequence A050385 in the On-Line Encyclopedia of Integer Sequences [SL] .
Remark 2. We remark that, instead of the Möbius power series M (x) defined in (1), it is more usual to study the Dirichlet series k≥1 µ(k)k −s . Indeed Hardy and Wright [HW60, p. 257] refer to series such as M (x) as "extremely difficult to handle". The generating series M (e −y ) was mentioned by Hardy and Littlewood [HL16, p. 122] , and its unusual analytic properties were studied by Fröberg [F66] .
Remark 3. A priori, it is not even obvious that the coefficients in the reversion of M (x) are all positive. This fact follows from our results.
We have not been able to use Theorem 1 to determine a useful explicit expression for the number a k of NECS with k congruences. However, we are able to determine the precise asymptotic form for a k , as a corollary to Theorem 1. Theorem 2. Let α be the zero of M of smallest absolute value in (−1, 1), so that M (α) = 0. Also, let
Then the kth coefficient in the reversion of the Möbius series (which is also equal to the number of NECS with k congruences) is asymptotically
Remark 4. Evaluations to 7 decimal places of the constants in Theorem 2 are given by α . = 0.3229939, c . = 0.0809423 and γ . = 5.4874522.
In Sections 2 and 3 of this paper, we describe basic notation and terminology for ECS, NECS and for a set of rooted trees that arises in the study of NECS. The proof of Theorem 1 is given in Section 4. Recurrences and numerical results appear in Section 5. The proof of Theorem 2 is in Section 6. In addition, we prove related results for the number of NECS with k congruences in which the gcd and lcm of the congruences are also specified. In Section 7 we give some combinatorial results about the coefficients. Some open problems are described in Section 8. We make some final remarks in Section 9.
Basic notation and definitions for exact covering systems
2.1. Exact covering systems. For integers n ≥ 1 and 0 ≤ a < n, let a, n denote the residue class {x ∈ Z : x ≡ a (mod n)}. Let U ⊆ Z. The set of k ≥ 1 residue classes
is called an exact covering system (ECS) of U when
• the sets a i , n i , i = 1, . . . , k are pairwise disjoint, and • the sets a i , n i , i = 1, . . . , k cover the set U, i.e.,
where the symbol ∪ · indicates a disjoint union. Given an ECS C as in (2), suppose that gcd{n i : i = 1, . . . , k} = d, and that lcm{n i : i = 1, . . . , k} = m. Then we say that C has size k, gcd d, and lcm m, written
In the case that U = Z = 0, 1 , we say more simply that C is an ECS (without mentioning the set Z). Table 1 lists all ECS of size at most 4, together with their gcd and lcm.
Remark 5. Note that the gcd of an ECS need not equal its smallest modulus, and the lcm need not equal its largest modulus. The smallest counterexample to both of these claims is { 1, 4 , 3, 4 , 0, 6 , 2, 6 , 4, 6 }, an ECS of size 5, gcd 2, and lcm 12. We now define two constructions for ECS. First, consider an ECS
and a residue class b, c . Define
which we refer to as the b, c -expansion of C. Note that E b,c (C) is itself an ECS of b, c . Second, consider an ECS C, a residue class a, n ∈ C, and an integer r ≥ 2. Let C be the set of residue classes obtained by removing a, n from C and replacing it by the r residue classes (4) a + jn, rn , j = 0, 1, . . . , r − 1.
Note that the residue classes in (4) are pairwise disjoint, and that they contain between them all integers in a, n ; indeed, they are an ECS of the residue class a, n of size r . An immediate consequence of this is that C is also an ECS, with size given by |C | = |C| + r − 1. We say that the collection of classes in (4) is the r-split of a, n , and that C is an r-split of C. Equivalently, we say that the collection of classes in (4) is obtained by r-splitting a, n , and that C is obtained by r-splitting C. We also use the terms split and splitting in these same contexts, when we don't choose to specify the value of r ≥ 2.
2.2. Natural exact covering systems. Let A be the set of exact covering systems that can be obtained by a finite sequence (possibly empty) of splits applied to { 0, 1 } = {Z}; we call this a split sequence. It is important to note that if this split sequence is an r 1 -split, an r 2 -split, . . . , an r m -split, for some m ≥ 0, then the values of r 1 , . . . , r m need not be the same, and indeed can vary arbitrarily over r 1 , . . . , r m ≥ 2 (and m can be any non-negative integer).
The exact covering systems in A are called natural exact covering systems (NECS). It is well known that in general (see, e.g., [K84, p. 392] ) elements of A can be obtained by a split sequence in more than one way. As an easy example of this, the NECS of size 6 (5) { 0, 6 , 1, 6 , 2, 6 , 3, 6 , 4, 6 , 5, 6 } can be obtained by 6-splitting { 0, 1 }, but it can also be created by the following split sequence of length 3: first 2-split { 0, 1 }, then 3-split { 0, 2 }, then 3-split { 1, 2 }. It has also long been known that not every ECS is an NECS, e.g., Porubský [P74] . The smallest size for an ECS that is not an NECS is 13, [S15, Example 3.1], which might seem surprisingly large when one first encounters the study of ECS. In particular, this means that all of the ECS in Table 1 are also NECS (equivalently, the caption for Table 1 could also be "The NECS of size at most 4.").
Rooted ordered trees and NECS
3.1. Rooted ordered trees. Let T be the set of rooted ordered trees with a finite (nonempty) set of vertices, in which each vertex has r ordered children, for some r in {0, 2, 3, 4, . . .}. The rooted tree consisting of a single (root vertex) is in T , and we denote this rooted tree by ε. We regard the trees in T as being embedded in the plane, with the root vertex at the bottom, and the children of each vertex above that vertex, ordered from left to right. Hence we refer to a vertex with r children as a vertex of up-degree r, where r = 0 or r ≥ 2. We denote the set of trees in which the up-degree of the root vertex is r by T (r) , so we have T = T (0) ∪ · T (2) ∪ · T (3) ∪ · · · · , and T (0) = {ε}.
A vertex of up-degree 0 in a tree is called a leaf. Thus the root vertex in the tree ε is a leaf (even though it has degree 0 in the graph sense). For a tree T in T rooted at vertex w, the height of w in T is 0, and the height of any other vertex v in T is the edge-length of the unique path in T from the root w to v. The height of the tree T itself, denoted by ht(T ), is equal to the maximum height among the leaves in T . Also, the number of leaves in T is denoted by λ(T ). For example, we have ht(ε) = 0 and λ(ε) = 1, since the single vertex in ε is a leaf at height 0.
For vertices u = v in tree T ∈ T , we say that u is a descendant of v when either u is a child of v, or is (recursively) the descendant of any child of v. We denote the subtree of T whose vertices consist of v and its descendants by
In Figure 1 we display an example of a tree T in T with root vertex w. The root vertex has up-degree 3 (so T ∈ T (3) ), and its three children, in order, are vertices x, y, z. The tree has λ(T ) = 10 leaves; 1 (namely y) at height 1, 3 at height 2, 4 at height 3, and 2 at height 4. Hence the height of the tree is ht(T ) = 4. For the subtrees T x , T y , T z of T rooted at x, y, z, respectively, we have λ(T x ) = 4, ht(T x ) = 2, T y = ε (so ht(T y ) = 0, λ(T y ) = 1), and λ(T z ) = 5, ht(T z ) = 3.
<2,3> <0,3>
x z Figure 1 . Left: a rooted ordered tree in the set T . Right: the same tree with ρ values assigned to vertices as in §3.2.
3.2.
The relationship between trees and NECS. The reason for introducing the set of trees T is that every NECS can be represented by at least one tree in T . To see this, consider a tree T in T , and for each vertex v in T , assign a residue class ρ(v) (which we'll refer to as "assigning a ρ value" to v), using the following iterative assignment procedure:
• Initially, assign ρ(w) = 0, 1 , where w is the root vertex of T ;
• At every stage, find a non-leaf vertex u of T that has been assigned a ρ value, but whose children have not, and suppose that ρ(u) = a, n , for some 0 ≤ a < n. Then, denoting the children of u by c 1 , . . . , c r , in order (i.e., u has up-degree r for some r ≥ 2), assign ρ(c j+1 ) = a + jn, rn , j = 0, 1, . . . , r − 1.
Stop when there is no such vertex u. Compare the assignments ρ(c j+1 ) given above for the children of a vertex with up-degree r to the r-split of residue classes defined in (4). Clearly, the successive stages for assigning ρ values to vertices of a tree in T in the iterative assignment procedure above, starting with assigning the ρ value 0, 1 to the root, is a realization of a split sequence (one split for each vertex that is not a leaf) applied to 0, 1 , and hence corresponds to an element of A. The order of the splits in the split sequence corresponds to any total order of the set of non-root, non-leaf vertices in the tree that is a linear extension of the following partial order:
Recall that when we apply an r-split in an element of A, we replace one residue class by a set of r residue classes. Hence, in the corresponding tree in T , when we assign a label to a vertex u, we want the residue class ρ(u) to disappear, and to be replaced by the residue classes of its children. This means that if the leaves in a tree T ∈ T are given by 1 , . . . , k , k ≥ 1, then the NECS corresponding to T is exactly the set of leaf labels {ρ( 1 ), . . . , ρ( k )}, and we write
For example, for the tree T in T displayed on the left side of Figure 1 , using the assignment procedure we initially assign ρ(w) = 0, 1 , then at the first stage we assign ρ(x) = 0, 3 , ρ(y) = 1, 3 , ρ(z) = 2, 3 . Upon completion of all stages of the assignment procedure, each vertex of T has a ρ value, which is displayed beside the vertex on the right side of Figure 1 . We thus obtain 9 , 3, 18 , 12, 18 , 6, 9 , 1, 3 , 2, 6 , 5, 36 , 23, 36 , 11, 18 , 17, 18 }, where this set of 10 residue classes gives the assigned ρ values for the 10 leaves in T .
The correspondence that we have denoted by χ, between the set of rooted trees in T and the set A of NECS, is standard, and has appeared in the literature on NECS from the beginning, e.g., Porubský [P74] and Znám [Z82] . In [P74] each vertex is identified with the residue class that we "assign" in our description above, and in [Z82] the trees are treated in a slightly different but equivalent way using the notion of product-distance, and are referred to as Z-trees.
It is also standard that this correspondence between T and A is not one-to-one; this is simply a restatement of the fact we mentioned in Section 2.2 above, that in general the elements of A can be obtained by a split sequence in more than one way. We summarize this situation in the following result.
Remark 6. Proposition 1 makes it clear that the NECS of size k correspond to certain equivalence classes of trees in T with k leaves. The problem of counting the total number of trees in T with k leaves is well known. Let t k denote the number of trees in T with k leaves, k ≥ 1, and T (x) = k≥1 t k x k . Then the t k are called Schröder numbers, and the generating function has the closed form
see, e.g., [FS09, p. 69, 70] for a detailed description. An asymptotic form for t k also appears in [FS09, p. 474, 475] :
Of course, t k is an upper bound for a k , reflecting the fact that 3+2 √ 2 .
= 5.828, the asymptotic growth rate for t k , is larger than γ . = 5.487, the asymptotic growth rate for a k appearing in Theorem 2.
3.3. Subtrees rooted at children of the root and NECS. For n ≥ 2 and T ∈ T (n) , suppose that the children of the root vertex of T are x 1 , . . . , x n , in order. When we apply our iterative assignment procedure to T , we obtain ρ(x i ) = i − 1, n , for i = 1, . . . , n. Then the residue classes that are assigned to the leaves in T x i form an NECS of i − 1, n , and it is easy to check that this NECS is simply E i−1,n (χ(T x i )), using the expansion notation defined in (3). Putting the residue classes for all subtrees together, we thus obtain the relationship
For example, for the tree T in T in Figure 1 , the root vertex w has up-degree 3, and the children of the root are x, y, z, in order. For the subtrees rooted at x, y, z, we have 1, 12 , 7, 12 , 3, 6 , 5, 6 }, and the appropriate expansions of these NECS are given by 9 , 3, 18 , 12, 18 , 6, 9 }, E 1,3 2, 6 , 5, 36 , 23, 36 , 11, 18 , 17, 18 }.
Comparing these with (6), we have
confirming that relationship (7) holds for the tree T in Figure 1 .
In the following results, we record some useful properties for subtrees of children of the root that follow immediately from (7).
Proposition 2. For T ∈ T (n) , n ≥ 2, suppose that the children of the root vertex of T are x 1 , . . . , x n , in order, and that we have
Then (a) |C| = |C 1 | + · · · + |C n | , (b) gcd(C) = n · gcd{gcd(C 1 ), . . . , gcd(C n )} , (c) lcm(C) = n · lcm{lcm(C 1 ), . . . , lcm(C n )} .
Proposition 3. For P, Q ∈ T (n) , n ≥ 2, suppose that the children of the root vertex of P (respectively, Q) are y 1 , . . . , y n (respectively, z 1 , . . . , z n ), in order. Then χ(P ) = χ(Q) if and only if χ(P y i ) = χ(Q z i ), i = 1, . . . , n.
Now we turn to a different type of result for rooted trees T , in which we give a bijective construction that preserves the corresponding NECS χ(T ). For compactness in stating the result, let G a,b denote the set of trees T ∈ T (a) such that all children of the root vertex have up-degree b, a, b ≥ 2.
Lemma 1. For a, b ≥ 2, there is a bijection
Proof. Consider T ∈ T (ab) , and let the children of the root vertex w of T be x 1 , . . . , x ab , in order. We construct a tree S ∈ G a,b as follows: The root vertex u of S, and its children y 1 , . . . , y a , in order, are newly created vertices (i.e., they are not vertices in T ). For i = 1, . . . , a, vertex y i at height 1 in S has b children, given by vertices x i , x i+a , . . . , x i+(b−1)a of T , in order. For m = 1, . . . ab, the construction of S is completed by rooting subtree T xm of T at vertex x m of S (to become the subtree S xm of S).
Note that when we apply our iterative assignment procedure to T , we obtain ρ(x m ) = m− 1, ab , for m = 1, . . . , ab (in which x m is regarded as a vertex in T ). Also, it is easy to check that when we apply our iterative assignment procedure to S, we obtain ρ(x m ) = m − 1, ab , for m = 1, . . . , ab (in which x m is regarded as a vertex in S). But this implies that all vertices in the subtrees T xm = S xm , m = 1, . . . , ab, will be assigned the same ρ values, and hence that χ(T ) = χ(S).
This construction is clearly reversible, and thus gives the required bijection.
We now apply Lemma 1 to prove a result that will be key for our proof of the main result in Section 4. Again for compactness in stating the result, let D n denote the set of trees T ∈ T such that n | gcd(χ(T )), n ≥ 2.
Proposition 4. For n ≥ 2,
Proof. Let Ω 1 = {χ(S) : S ∈ D n } and Ω 2 = {χ(T ) : T ∈ T (n) }. We will prove that Ω 1 = Ω 2 by proving both containments Ω 1 ⊆ Ω 2 and Ω 2 ⊆ Ω 1 .
First, to prove Ω 2 ⊆ Ω 1 . Proposition 2(b) implies that T (n) ⊆ D n , from which Ω 2 ⊆ Ω 1 follows immediately.
Second, to prove Ω 1 ⊆ Ω 2 . It is sufficient to prove the following implication: For all n ≥ 2 and S ∈ D n , there exists T ∈ T (n) such that χ(T ) = χ(S). We prove this by induction on the height of S. For the base case, consider S ∈ D n of height equal to 1. Hence, from Proposition 2(b), S ∈ T (nb) for some b ≥ 1, in which the nb children of the root in S are leaves. If b = 1, then S ∈ T (n) , giving the result immediately. If b ≥ 2, then Lemma 1 with a = n implies that there exists a tree R ∈ G n,b ⊆ T (n) with χ(R) = χ(S), proving the result in this case.
Assume that the implication is true for all n ≥ 2 and trees in D n of height at most k, for some k ≥ 1. Consider n ≥ 2 and an arbitrary tree S ∈ D n with ht(S) = k + 1. Using Proposition 2(b), there are three cases:
• S ∈ T (n) , which gives the result immediately.
• S ∈ T (nb) for some b ≥ 2. Then Lemma 1 with a = n implies that there exists a tree R ∈ G n,b ⊆ T (n) with χ(R) = χ(S), proving the result in this case. • S ∈ T (a) for some proper divisor a ≥ 2 of n, so n = ab, a, b ≥ 2. In this case, in addition, if x 1 , . . . , x a are the children of the root vertex of S, then from Proposition 2(b) we have b | gcd{gcd(χ(S x 1 )), . . . , gcd(χ(S xa ))}, and hence b | gcd(χ(S x i )) for i = 1, . . . , a. Equivalently, S x i ∈ D b for i = 1, . . . , a. But ht(S x i ) ≤ k for i = 1, . . . , k. Hence, for i = 1, . . . , k, from the induction hypothesis, there exists R x i ∈ T (b) (also rooted at vertex x i ) such that χ(R x i ) = χ(S x i ). Now construct a tree R by removing the subtree S x i from S, and replacing it by the subtree R x i , for i = 1, . . . , a. Note that R ∈ G a,b , and that χ(R) = χ(S), from Proposition 3. Then, Lemma 1 implies that there exists a tree Q ∈ T (ab) = T (n) with χ(Q) = χ(R) = χ(S), proving the result in this case.
This completes the inductive proof of the implication, and thus that Ω 1 ⊆ Ω 2 .
Proof of the main result
It will be convenient to partition the set A of NECS according to gcd. Hence let A m denote the set of NECS with gcd m, for m ≥ 1. Recall that a k is the number of NECS of size k, for k ≥ 1, and let a k,m denote the number of NECS of size k and gcd m, for k, m ≥ 1. As in (1), we have the generating function
and we define the additional generating functions
Of course, these generating functions are related by
Note that the situation for C ∈ A with gcd(C) = 1 is particularly simple: We must have C = χ(T ) for some T ∈ T (0) , from Proposition 2(b). But the only tree in T (0) is the single-vertex tree ε, and we have χ(ε) = 0, 1 . Since 0, 1 has both size and gcd equal to 1, we conclude that A 1 = { 0, 1 }, and hence from (9) that
In part (a) of the following result, we prove a functional equation for the generating functions A(x) and A m (x), m ≥ 1, that is a generalization of equation (10) above. The proof that we give for part (b) of the result is to apply Möbius inversion to part (a), which is the reason that the Möbius series M defined in (1) appears in the statement of part (b).
Proof. (a) For n = 1, the result is given by (10) above. For n ≥ 2, we begin the proof by defining U(A, n) = ∪ · d≥1 A nd , the set of all C ∈ A such that n | gcd(C). Now, from Proposition 4 and Proposition 1, we have
But removing the root vertex from a tree in T (n) to obtain an ordered list of n rooted trees in T (namely, the subtrees rooted at the n children of the root vertex), yields the usual bijection between T (n) and T n (the set of n-tuples of elements of T ). Together with Proposition 3, as well as Proposition 1, this implies that there is a bijection between {χ(T ) : T ∈ T (n) } and the set A n of n-tuples of NECS in A. Putting these pieces together and eliminating the set {χ(T ) : T ∈ T (n) } yields a bijection (12) U(A, n) → A n : C → (C 1 , . . . , C n ).
Moreover, in the above bijection, from Proposition 2, C and its image (C 1 , . . . , C n ) are related by the equations
gcd(C) = n · gcd{gcd(C 1 ), . . . , gcd(C n )}, (14) lcm(C) = n · lcm{lcm(C 1 ), . . . , lcm(C n )}.
Now we turn to generating functions. Applying bijection (12) to the range of summation below, and using relation (13), we obtain C∈U (A,n)
from (9), and (C 1 ,...,Cn)∈A n
from (8) But the right-hand side of this equation can be rewritten as
using the standard fact (see, e.g., [HW60, p. 235] ) that
Hence we obtain the equation
or M A(x) m = A m (x), as required.
We are now able to prove the main result, as a simple consequence of the above Theorem.
Proof of Theorem 1. Specializing Theorem 3(b) to the case m = 1 gives M (A(x)) = A 1 (x). The result follows immediately from (11).
Recurrences specifying size, gcd and lcm
In the following result we give a recurrence equation for the numbers a k,m of NECS with size k and gcd m.
Proposition 5. For k, n, d ≥ 1, (18) a j 1 ,m 1 · · · a jn,mn = a k,nd ,
where the summation on the left-hand side is over j 1 , . . . , j n ≥ 1 and m 1 , . . . , m n ≥ 1 such that (19) j 1 + · · · + j n = k, and gcd{m 1 , . . . , m n } = d.
Proof. For n = 1, the result is simply the identity a k,d = a k,d . For n ≥ 2, consider bijection (12). The number of elements in the set U(A, n) with size k and gcd nd is give by a k,nd . But from the bijection, this is equal to the number of n-tuples (C 1 , . . . , C n ) ∈ A n in which, from (13) and (14), we have |C 1 | + · · · + |C n | = k, and gcd{gcd(C 1 ), . . . , gcd(C n )} = d.
The result for n ≥ 2 follows immediately.
Remark 7. Proposition 5, with d = 1, can be used to list all elements of A k,n , the set of NECS with size k and gcd n, and also to count their number a k,n , using either dynamic programming, or recursion together with memoization. We briefly describe this second approach. The base cases of the recursion are k = n (for which the only NECS is { 0, k , 1, k , . . . , k − 1, k }) and n = 1 (for which the only NECS is { 0, 1 } corresponding to k = 1). Given k and n as input, we can easily compute all k−1 n−1 compositions of k into n positive parts (using, for example, the algorithm in [NW78, Chap. 5] ). We now discard those compositions whose gcd is greater than one. For each composition (j 1 , j 2 , . . . , j n ) that remains, we consider all j 1 j 2 · · · j n of the n-tuples (m 1 , m 2 , . . . , m n ) satisfying 1 ≤ m i ≤ j i for i = 1, 2, . . . n. For each element (j i , m i ) in the list of pairs ((j 1 , m 1 ) , . . . , (j n , m n )) we recursively compute all the NECS C i in A j i ,m i . Using the expansion construction given in (3), we finally create the NECS
If we are only interested in counting these NECS, we sum all the products a j 1 ,m 1 · · · a jn,mn instead.
Using an implementation of this algorithm written in APL, we computed a k,n for 1 ≤ n ≤ k ≤ 22. We report the results for 1 ≤ n ≤ k ≤ 13 in Table 2 Now let a k,m, denote the number of NECS of size k, gcd m and lcm , for k, m, ≥ 1. Of course, a k,m, = 0 unless m | . The following is a version of Proposition 5 that records the lcm as well as size and gcd. It can be proved in the same way, by considering the bijection (12) together with relations (13), (14) and (15).
Proposition 6. For k, n, d, D ≥ 1, a i 1 ,j 1 , 1 · · · a in,jn, n = a k,nd,nD , where the sum on the left-hand side is over i 1 , . . . , i n ≥ 1, j 1 , . . . , j n ≥ 1 and 1 , . . . , n ≥ 1 such that i 1 + · · · + i n = k, gcd{j 1 , . . . , j n } = d, and lcm{ 1 , . . . , n } = D.
Asymptotic growth of coefficients
We now turn to asymptotics, and begin with the proof of Theorem 2.
Proof of Theorem 2. All coefficients in the series M (y) = k≥1 µ(k)y k have absolute value equal to 0 or 1, so this series converges for all |y| < 1 (e.g., using comparison with the geometric series n≥1 y n−1 , in which all coefficients are equal to 1, and which converges for all |y| < 1). Hence M (y) is analytic for |y| < 1. Then for every real y 0 ∈ (−1, 1), from the Taylor series we obtain Applying Theorem 1, which gives M (y) = x, we obtain
where c 1 is some constant. Rearranging, we get
where c 2 is some constant. But ρ > 0 and δ < 0, so we have − 2ρ δ > 0, and taking square roots, we obtain
where we have selected the negative square root since y is increasing as x approaches ρ from below. Solving this for y − α, and applying (21) to eliminate y, we obtain
where c 4 is some constant. In order to determine the asymptotic behaviour of the coefficients in A(x) from (22), we follow the treatment in [FS09, Chapter VI] , referred to as singularity analysis. From Theorems VI.1 on page 381 and VI.3 on page 390, we obtain
where Γ is the usual Gamma function. Now, recalling that Γ − 1 2 = −2 √ π, the result follows, with
.
Decimal approximations to the constants γ and c follow:
Remark 8. We have found that M (x) has two real zeros in the open interval (− 2 3 , 2 3 ), which are α given in the proof above, and β . = −0.562976540744649358189645954216416402249939799218087618317349878994076506622.
Eight-digit approximations were previously given by Fröberg [F66] .
Theorem 3(b) gives a closed form for the generating series A m (x) = k≥1 a k,m x k , in terms of the series A(x) and M (x). Once again, we have not been able to use this result to determine a useful explicit expression for the kth coefficient a k,m in A m (x). However, in the next result, we are able to determine a precise asymptotic form for the coefficients a k,m , following on from the proof of Theorem 2 above. Proof. From (22), taking the mth power, we have
where c 5 is some constant, and α, ρ, δ are specified in the proof of Theorem 2. In particular, since α ∈ (0, 1), then α m ∈ (0, 1) for every positive integer m. Now using the linear expansion
and (23), we obtain
where c 6 is some constant. But M A(x) m = A m (x) from Theorem 3(b), and we now determine the asymptotic behaviour of the coefficients in A m (x) from the above expansion. We again use the technique of singularity analysis as described in [FS09, Chapter VI] . From Theorems VI.1 on page 381 and VI.3 on page 390, we thus obtain
The result follows, with
Remark 9. Comparing the asymptotic forms in Theorems 2 and 4, we observe that
But m≥2 a k,m = a k for k ≥ 2, so we should have
The th backward difference of (c m+ ,m ) is
From the theory of finite differences we know, for all m, that
Therefore the th backward difference of (c m+ ,m ) equals the coefficient of x in B(x) , which is the leading coefficient, and so equals c 2 . In our special case this gives, if ≥ 1 and m ≥ , then
as observed in the data.
Open Problems
In this section we list three related problems for which we currently have no solution.
Problem 1. Suppose that, instead of counting distinct NECS of size k, we count equivalence classes under "shift". That is, we consider two NECS to be identical if one can be transformed into the other by a transformation of the form x = x + C, for some integer constant C. How many equivalence classes are there? We list the number s(k) for 1 ≤ n ≤ 12: k 1 2 3 4 5 6 7 8 9 10 11 12 s(k) 1 1 2 4 10 26 75 226 718 2368 8083 28367 What is a good formula for s(k)? What is the asymptotics of s(k)?
Problem 2. Suppose we consider those NECS of size k, and ask how many distinct values of the lcm parameter they can take on. Call the resulting sequence t(k). The first few values are given below. k 1 2 3 4 5 6 7 8 9 10 11 12 t(k) 1 1 2 3 6 8 15 18 31 35 56 62 What is a good formula for t(k)? What is the asymptotics of t(k)? It is reasonably straightforward to prove that the analogue of Theorem 3(a) holds for these series, so we have B(x) n = d≥1 B nd (x), for n ≥ 1. Then, applying Möbius inversion, we obtain M (B(x) m ) = B m (x), m ≥ 1, the analogue of Theorem 3(b). Specializing to the case m = 1 gives
where B 1 (x) is the generating function for the ECS with gcd equal to 1. But it turns out that B 1 (x) = x + 30 x 13 + O x 14 , a substantially different situation from the NECS, where we had A 1 (x) = x. In fact, the b 13,1 = 30 ECS with gcd 1 are the only ECS of size at most 13 that are not also ECS. Thus, in Table 2 , the values of a k,n that appear in row k and column n are equal to b k,n everywhere except for row 13 and column 1. However, for larger values of k the gap between the numbers of ECS and NECS grows rapidly, though we have no idea how rapidly. What would we have to know about the growth rate for the coefficients of B 1 (x) in order to deduce asymptotics for the numbers b k from the functional equation (26)? Is it possible that the asymptotics for b k is the same as for a k ?
Comments
This paper was originally motivated by a problem dealing with infinite periodic sequences of constant gap. These are maps from N to a finite alphabet of size k, say Σ k := {0, 1, . . . , k − 1}, with the property that for each i ∈ Σ k there exists a constant c i such that the occurrences of i lie in an arithmetic progression of difference c i . For example, the infinite periodic sequence (0102) ω = 010201020102 · · · is of constant gap with k = 3. These sequences have been studied, e.g., in [G73, H96, H00, AGH00] .
David W. Wilson [W17] and JS independently conjectured, on the basis of numerical evidence, that the reversion of the Möbius series M counts the number of ECS. This is incorrect; as we have seen, this reversion instead counts the (strict) subclass of NECS. The first place where these two sequences differ is at k = 13, where the number of NECS is 7266979 (e.g., this is the total of the entries in row k = 13 of Table 2 ), but the number of ECS is 7267009 (which is 30 larger-see the discussion in Problem 3 above).
